Polymethylmethacrylate (PMMA) bone cement is a polymeric material that is widely used as a structural orthopedic material. However, it is not an ideal material for bone grafting due to its fragility. Carbon nanotubes (CNTs) have been introduced in order to reinforce PMMA resulting in a composite material which exhibits improved tensile properties, increased fatigue resistance and fracture toughness. This improvement is potentially due to bridging and arresting cracks as well as absorption of energy. In this study, a two-dimensional finite element model is presented for the fracture analysis of PMMA-CNT composite material. Instead of the classical single fiber model, the present work considers an ensemble of CNTs interacting with a pre-existing crack. Casca is used to produce a two dimensional mesh and the fracture analysis is performed using Franc 2D. The model is subjected to uni-axial loading in the transverse plane and the interaction between the crack and CNTs is evaluated by determining the stress intensity factor in the vicinity of the crack tips. The effects of geometric parameters of the CNTs and the material structural heterogeneity on crack propagation trajectory are investigated. Furthermore, the effects of CNT diameter, wall thickness and elastic mismatch between the matrix and the nanotubes on crack growth are studied. The results illustrate that the CNTs repel cracks during loading as they act as barriers to crack growth. As a result, the incorporation of CNTs into PMMA reduces crack growth but more importantly increases the fracture resistance of bone cement.
Introduction
Polymethylmethacrylate (PMMA) bone cement is a polymeric material that shows good compatibility with living tissues. It is commonly used as bone filling cement during orthopedic surgeries, such as total joint anthroplasty [1, 2] . Despite its excellent performance, several failure mechanisms of cemented prosthetics have been well documented [3] [4] [5] .
It is well-known that both biological and mechanical factors (such as mechanical loading, debonding at the cement-prosthesis interface, fatigue failure and cracks in the cement mantle) contribute to the failure of total hip arthroplasty; however, it is the mechanical processes that are considered to be the dominant feature leading to aseptic loosening [6, 7] . In particular, it is well accepted that cracks exist in the cement mantle. These cracks typically are generated from polymerization of the PMMA from natural pores formed in the mantle during the curing process or they propagate into the cement mantle from the failure of the cement/implant interface [8] . For example, McCormack & Prendergast [9] experimentally investigated the amount of damage accumulation that occurs in the cement mantle under flexural loading. Other studies [6, 10] have demonstrated that failure of the cement mantle, due to the presence of radial cracks, initiated loosening of the prosthetic. Thus, the fracture of PMMA bone cement is a critical factor affecting implant failure.
There have been numerous studies carried out to improve the mechanical and physical behavior of bone cement by incorporating additive materials as reinforcing phases to the bone cement [5, 11] . However, limited success has been achieved mainly due to filler-damage scale mismatch, as the size of the reinforcing agents is larger than the scale of fatigue damage. This makes the rein-forcement ineffective against crack propagation and damage accumulation [5] .
Nano-structured materials have generated considerable interest in the literature mainly because of their potential for large improvements in the mechanical behavior as compared to traditional structural materials. In particular, extensive research has shown that carbon nanotubes (CNTs) exhibit exceptional mechanical and chemical properties as well as thermal stability. For example, in composite science research, the use of CNTs as a reinforcing agent makes them ideal candidates for producing a new generation of nano-composites [12] [13] [14] . More recently, in the area of bioengineering, CNTs have been used as biocompatible and supportive substrates [15, 16] . In particular, CNTs have been considered for effective employment in bone tissue engineering either as a scaffold for bone material regeneration and growth [17, 18] , as reinforcement phase for ceramic artificial bone such as hydroxyapatite [19] [20] [21] and polymeric bone fillers, such as PMMA [3] [4] [5] 22] . More importantly, the dimensional incompatibility between the reinforcing fibers and the size of fatigue damage is no longer an issue. In other words, unlike the large size of conventional fibers (on the order of microns), the small size of CNTs (order of nanometers) is comparable to the scale of fatigue damage found in the bone cement. Consequently, the use of CNTs as a reinforcement phase in PMMA can have a significant benefit in preventing crack growth with the overall goal of reducing implant motion and revision surgery. The enhancement of the fatigue performance of bone cement is a result of the CNT's high surface area to volume ratio which increases the physical interface and improves the quality of stress transfer between the constituent phases.
The use of experimentation, simulation and modeling in the study of nano-scale materials such as CNTs on the structural response (such as fracture characterization) is still in its infancy. The small size of the components of nano-composites makes it difficult to clearly observe every factor incorporated with the real failure mechanisms in experiments. So, controlled experiments at the nano-scale are difficult. The use of molecular dynamics simulations remains expensive and formidable especially in the case of large scale systems. For example, the size of atomistic systems cannot exceed billions of particles; however, realistic systems contain 10 23 atoms and more. Continuum mechanics approaches based on the finite element method have been used extensively to evaluate the elastic properties of CNT-based composites. For example, Gawandi and colleagues addressed the problem of a single nano-fiber interacting with a crack [23, 24] . However, these works are limited because the atomistic structure of the nanotube has been neglected in the formulation of the finite element model. It should be noted that additional, supplementary works on crack-fiber interaction can be found in the following works: [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . However, the study of the interaction problem between a crack and an ensemble of multiple CNTs remains absent from the literature. Thus, in the present work we develop a two dimensional finite element model incorporating an array of CNTs as the reinforcing phase in PMMA bone cement where the atomistic structure of CNTs are taken into account. The results clearly illustrate that CNTs repel cracks during loading as they act as barriers to crack growth. Moreover, it is observed that the incorporation of CNTs into PMMA reduces crack growth but more importantly increases the fracture resistance of bone cement.
Problem Statement
We consider a two dimensional setting in which single walled carbon nanotubes (SWCNTs) are assumed to be well dispersed and aligned parallel to one another and embedded within the PMMA bone cement, (referred to as the matrix). A crack is situated in the matrix and the loading on the configuration is uni-axial tension applied perpendicular to the X axis, as shown (see Figure 1) . Crack extension takes place in the plane of the nanotube cross section and plane strain conditions are assumed. It is reasonable to assume that the matrix and CNT is isotropic and linear elastic subject to small deformations [36] . In addition, all boundaries between materials are assumed to have continuous displacements and tractions.
The SWCNT, from the structural point of view, can be thought of as a graphene sheet rolled up into a cylindrical 
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shape with a diameter on the order of nanometers. In addition, the efficiency of nanotube reinforcement depends on the morphology and distribution of CNTs. This requires that the atomistic structure of CNTs be taken into account when formulating the finite element model. In view of this, the development of our model requires that the structurally discrete CNTs be replaced by an equivalent effective solid fiber continuum phase whose length and diameter are kept the same as those of the CNT so as to preserve the small-scale features of the nanotube (see Figure 2) . Assuming isostrain conditions, the modulus of elasticity and Poisson's ratio for the effective solid fiber are readily determined from the CNT dimensions and given by Equation (1),
where r, t, and E CNT are the radius, wall thickness and elastic stiffness of the CNT, respectively. The model considers that the CNTs have a diameter of 1.5 nm, a wall thickness of 0.34 nm and elastic modulus of 0.97 TPa [37] . The PMMA is defined by two elastic constants: elastic stiffness E m = 2.5 GPa and Poisson's ratio υ m = 0.35. Using (1) the properties for the effective solid fiber continuum phase are found to be E f = 680 GPa and υ f = 0.28.
Finite Element Model
The 2D finite element mesh is built using Casca [38] and Franc 2D [39] is used for the fracture analysis of the model. Triangular elements with six nodes comprising 12 degrees of freedom are used to produce the finite element mesh structure. In order to avoid boundary effects in the results, the model dimensions are taken sufficiently large compared to the CNT diameter and crack length (see Figure 3 ). It should be noted that our simulations have been tested and verified against the analytical solution obtained from the model illustrated in Figure 4(a) . In an effort to understand how the number, location, configuration, and material characteristics of CNTs influences' the variation of the stress intensity factor (SIF) at the crack tips as well as crack trajectory, finite element simulations for two problems is investigated. In the first problem we will consider three different configurations of crack-CNT interaction. The first configuration consists of a single CNT with 1.5 nm diameter placed in a sufficiently large matrix subjected to a uni-axial stress, σ, while having an internal crack of length 2L = 1.5 nm placed in a horizontal orientation to the external load as shown in Figure 4(a) . A second configuration consisting of three CNTs placed on a cross arrangement with an internal crack placed in-between the CNTs in a horizontal orientation to the externally applied load (see Figure  4(b) ).
The third configuration considers the mixed mode (modes I and II) problem for a variable inclined crack in the PMMA matrix located in the middle of a square arrangement of CNT as shown in Figure 5 ferent arrangement of CNTs embedded into the PMMA matrix (see Figures 6-8, respectively) . Here, the matrix dimensions are much larger than the interested area. So there are no boundary effects in the results. Uniaxial loading normal to the boundary is taken and the crack propagation trajectory is obtained. Using Franc 2D, the direction of crack propagation is determined by the application of the maximum hoop stress. The hoop stress (σ θ ) is determined around the crack tip on the circumference of a constant radius circle. Thus, crack propagation is in the direction of the maximum hoop stress. The corresponding mathematical description is provided by expressions (2) and (3). 
Results and Discussion
Figures 9(a) and (b) show the normalized SIF versus crack location with respect to the arrangement of CNTs. The crack location is considered as the normalized distance of the crack from the single CNT shown in Figure  4 (a) (corresponding to Figure 9(a) ), and the normalized distance of the crack from the CNT at left of the cross arrangement as shown in Figure 4 (b) (corresponding to Figure 9(b) ). The simulation results indicate that as the crack distance from the CNT increases the SIF also increases for both arrangements. In fact, at close distances, the CNT (on the left) has a shielding effect. tive as a reinforcement in regions close enough to the other CNT which faces crack tip a while the crack is actually encouraged to grow from crack tip b due to the presence of CNTs at right. Obviously, this effect is dependent on the separation of the two CNTs at right (i.e. the crack is encouraged to grow from crack tip b and pass through the space between them if this separation is more than a certain amount). Close arrangements of CNTs would definitely have a barrier effect against crack growth. This will be discussed later. Figure 10 shows the values of modes I and II normalized SIF for the lower-left tip of the crack in the model shown in Figure 5 , with respect to varying α. Due to the symmetry of the problem close values with the same trend are expected for the other crack tip.
The model which is developed for crack propagation analysis is shown in Figure 6 . The model includes an array of CNTs and an internal crack (at an angle of 45 degrees). The crack propagation simulation shows that crack propagation trajectory is severely affected by the arrangement and material properties of the CNTs. The effect of the CNT arrangement is presented in Figures  6(a)-(c) , respectively. The results show that the crack is repelled by the CNTs and the crack follows a trajectory between them when the distance between the CNTs is more than a certain amount. In fact, the crack deviates and does not enter the CNTs. On the other hand, if CNTs are situated closer together, the crack is not able to propagate through the space between the CNTs. In this situation, the CNTs act as a barrier to crack growth.
Normalized SIF values for modes I and II (K I and K II ) at the crack tips for the arrangements shown in Figure 6 are also presented in Table 1 . At first, proximity of the values for crack tips a and b is observed which is due to the problem symmetry. A comparison between the second and third columns of this table provides sufficient evidence as to why the crack grows in the space between the distanced CNTs (e.g. Figure 6 (b)), while it stops between close CNTs (e.g. Figure 6(c) ).
In the case of randomly dispersed CNTs, dispersion of the CNTs has a significant influence on the material properties of CNT reinforced polymer matrix nano-composites [40] . In view of this, crack propagation in a randomly dispersed matrix of CNTs is illustrated in Figures  7(a) and (b) . These figures clearly show that crack propagation trajectory is severely affected by the separation of the CNTs. The crack appears to select the path of least resistance between the CNTs for propagation where the local CNT density is low, whereas crack growth slows or even comes to a complete stop when the local CNT density is high (i.e., the distance between the CNTs are small). Figure 8 shows the effect of material properties on crack propagation trajectory. In this model, the elastic modulus of one of the CNTs (i.e., CNT 7 ) is different from the others. Different values are assumed for CNT 7 and the effect of this variation upon crack propagation is shown. Here, the elastic modulus of the CNT has a value of E f = E f7 =0.68 TPa (Figures 8(a) and (c) ), E f = 0.68 TPa and E f7 = 0.2 TPa (Figure 8(d) ). In Figures 8(b) and (e) we assume a hole instead of a CNT 7 (E f7 = 0 TPa) and the elastic modulus of the rest of CNTs is E f = 0.68 TPa. It appears that the stiff CNT repels the crack whereas the soft CNT or hole leads to attracting the crack. Table 2 presents the normalized SIF values for the crack tips corresponding to the different cases as illustrated in Figure 8 . These values justify the tendency of the crack to grow along crack tips a and b, when the location of the crack and the stiffness of CNT 7 is changed. It is interesting to note that the SIF values and crack propagation trajectories were also evaluated for the case when the CNT stiffness was assumed to be E f = 0.8 TPA instead of 0.68 TPA. No significant changes were observed which might suggest that the behavior of the crack, instead of the separation and arrangement of the CNTs, is affected by the stiffness mismatch between the CNT and the matrix rather than the slight deviation of the material property of the CNT inclusions itself.
In general, the results of this study describe the overall improvement of the resistance of the PMMA bone ce ment to fracture that has been observed experimentally [3] [4] [5] 22] and the significant clinical applications that can be achieved. However, it must be noted that a number of simplifying assumptions have been made. For example, the aligned configuration of the CNTs in the PMMA matrix, as assumed in this study, cannot be easily achieved. This would require the application of various special methods and processes which would undoubtedly make a CNT-PMMA bone cement practically unattractive. Consequently, even though randomly oriented configuration of CNTs leads to less effective improvement of the mechanical properties of the resulting nano-composite [40] , the need to create more efficient cements for joint arthroplasty is clinically necessary. Also we have neglected the relatively weak non-bonding interactions and the van der Waals forces between the CNTs. However, by choosing a continuum medium for the CNT and the PMMA matrix, it is assumed that such interactions do not affect the crack propagation process significantly. Finally, although the imperfect bonding model between matrix and inclusion may lead to an increase in the SIF [41] , the classical assumption of perfect bonding can still be considered valid as long as the CNT aspect ratio is taken to be large enough [19] .
Conclusion
This work presents a finite element study of the fracture behavior of CNT reinforced bone cement through the adoption of a simplified model. It is found that the material properties and the morphological parameters of CNTs greatly influence the fracture behavior. The results have shown that the effect of CNTs on the crack could lead to a decrease in the SIF at the crack tips. However, this effect is limited to the vicinity of the CNTs. The crack growth trajectory is also influenced by the nanostructural arrangement of the components of the composite. More importantly, the results clearly illustrate that CNTs could either repel or attract the crack depending not only on their arrangement and dispersion but also on the variation of their material properties. The results of this study indicate that since CNTs behave as a barrier to crack growth. As a result, the benefits to clinical application are of significant importance.
